We experimentally and theoretically study the broadening of paramagnetic resonance lines by transverse magnetic field gradients when a perturbative description is inadequate. The experiments are performed with an evanescent wave magnetometer using an octadecyltrichlorosilane-coated glass cell containing 87 Rb and N 2 buffer gas. We find that the transverse broadening of the resonance line is inversely proportional to the square root of the holding field. We also provide a quantitative theoretical explanation of the experimental results.
I. INTRODUCTION
The relaxation of nuclear spins by magnetic field gradients has been studied experimentally and theoretically for decades ͓1-4͔. In most cases perturbation theory in the transverse field gradients is appropriate and describes the experimental results adequately. The perturbative treatment is justified only if the transverse broadening is much smaller than the decay rate of the unperturbed ͑transverse͒ diffusion modes. This condition is equivalent to
Here D is the diffusion constant of the spins in the buffer gas, R is the characteristic ͑transverse͒ radius of the cell, and Ќ = ␥͉١B Ќ ͉ is the Larmor frequency gradient associated with the gradient of the transverse magnetic field. Electronic gyromagnetic ratios ␥ exceed nuclear ratios by two to three orders of magnitude. Whereas Eq. ͑1͒ is often well satisfied in nuclear magnetic resonance ͑NMR͒ experiments, it can easily be violated in an electron paramagnetic resonance ͑EPR͒ experiment that uses similar cells and magnetic fields. For a cell with a transverse radius R ϳ 1 cm that is filled with 87 Rb ͑␥ / 2 = 700 kHz/ G͒ and N 2 buffer gas at 5 Torr ͑D ϳ 30 cm 2 s −1 ͒, perturbation theory ceases to be justified when transverse field gradients exceed 10 −5 G / cm. In the present experiment, condition ͑1͒ is violated by several orders of magnitude and the transverse broadening is nonperturbative.
We have observed a qualitatively different dependence of the line broadening on the holding field than perturbation theory would imply: The line broadening due to transverse field gradients is inversely proportional to the square root of the Larmor frequency 0 at the center of the cell. We will see that this behavior is explained by the eigenvalues of a diffusion equation with a purely imaginary potential that depends quadratically on transverse coordinates. An appropriate extension of the theory described in Ref. ͓5͔ is in excellent agreement with our experimental results ͑see the Appendix͒.
II. AN ADIABATIC MODEL
In this section we present a theoretical model for the line broadening and frequency shift due to transverse magnetic field gradients. The model is based on the adiabatic approximation
͑2͒
which implies that the angle the inhomogeneous magnetic field rotates as seen by a diffusing spin during one Larmor period is much less than one radian. The spin can, therefore, adjust adiabatically to the local magnetic field while diffusing. Thus, our theory considers only relaxation due to adiabatic dephasing, neglecting the diabatic processes due to field inhomogeneities that contribute to the longitudinal spinrelaxation rate 1 / T 1 . Since the local Larmor frequency L ͑x͒ is well defined in the adiabatic regime, the Torrey equation for the response mode ⌿ ␤ ͑x͒ with decay rate ␤ becomes ͓3,5͔
The eigenvalues of Eq. ͑3͒ determine the line broadening and frequency shift of the magnetic resonance lines. For convenience the cell shape is assumed to be a square prism. We use a coordinate system with origin at the center of the cell and z axis along the cell axis. The cell boundaries are located at x = Ϯ R, y = Ϯ R, and z = Ϯ L / 2. The back and front surfaces correspond to z = L / 2 and z =−L / 2, respectively. In the experiment three orthogonal pairs of Helmholtz coils and a round Alnico bar magnet produce a holding magnetic field B x along the x axis, with a field gradient ١B x in the positive direction of the z axis, and a transverse field B z , with a gradient ١B z in the x direction ͑see Fig. 1͒ . The magnetic field B y along the y axis is negligible throughout the cell. Since the cell thickness is small ͑0.2 mm͒ on the scale of the gradients, we can approximate B x ͑z͒ = B x ͑0͒ + z ‫ץ‬ B x ͑0͒ / ‫ץ‬z. We further have B z ͑0͒ = 0 and, therefore, B z ͑x͒ = x ‫ץ‬ B z / ‫ץ‬x in leading order. Thus the local Larmor frequency L ͑x͒ is approximately
where 0 = L ͑0͒ is the Larmor frequency at the center of the cell, ʈ = ␥ ‫ץ‬ B x / ‫ץ‬z is the Larmor frequency gradient associated with the gradient of the longitudinal field, and Ќ = ␥ ‫ץ‬ B z / ‫ץ‬x is that associated with the gradient of the transverse field. We have neglected terms of order x 2 z in the expansion. Note that we have ʈ = Ќ in the present field configuration because ‫ץ‬B z / ‫ץ‬x = ‫ץ‬B x / ‫ץ‬z due to the fact that ١ ϫ B = 0 for a static magnetic field ͓6͔.
Expanding the square root in Eq. ͑4͒ will be justified below. The Torrey equation ͑3͒ in the approximation of Eq. ͑4͒ separates in Cartesian coordinates,
͑5͒
With ⌿ lmn ͑x , y , z͒ = l ͑x͒ m ͑y͒ n ͑z͒ and the eigenvalue
Thus, diffusion in the y direction is free, and the eigenvalue ⑀ m is determined by the boundary condition ͓see Eqs. ͑A14͒ and ͑A15͔͒. 
A. Nonperturbative regime
In this regime Eq. ͑8͒ has been studied in detail in Ref. ͓5͔, and describes line broadening and frequency shift due to the longitudinal field gradient. Equation ͑6͒ contains a purely imaginary harmonic oscillator potential, and describes line broadening and frequency shift due to the transverse magnetic field gradient. Since the profiles of the pump and probe beams are symmetric with respect to x we require only symmetric eigenfunctions l ͑−x͒ = l ͑x͒. The symmetric solutions to Eq. ͑6͒ can be written in terms of Kummer's confluent hypergeometric function M as ͓7͔
where A is the normalization constant and
The eigenvalues l in Eq. ͑6͒ are
Note that l in general is a complex number. The values of l ͑or the eigenvalues l ͒ are determined by the boundary condition at ͉x͉ = R. We will discuss the eigenvalues and eigenfunctions according to whether the condition Ќ Ӷ d is satisfied or not. ͑i͒ Condition Ќ Ӷ d is satisfied. Due to the asymptotic behavior of M͑−l ,1/ 2,a 2 x 2 ͒ϳexp͑a 2 x 2 ͒ for noninteger l and large values of ͉a͉ 2 x 2 , the parameter l in Eq. ͑11͒ must be very close to an integer when Ќ Ӷ d ͑i.e., ͉a͉ 2 R 2 ӷ 1͒, because l ͑x͒ and its derivatives would otherwise be very large at the boundary ͉x͉ = R. Reasonable boundary conditions would then not be satisfied. We note that, up to a normalization constant, Kummer's confluent hypergeometric function M͑−l ,1/ 2,a 2 x 2 ͒ for integer l is the same as the Hermite polynomial of order 2l,
and therefore for integer l,
which decays sufficiently rapidly so that the boundary condition can be ignored. The real and imaginary parts of l are the half-linewidth and frequency shift due to the lth mode.
With their large frequency shift and broadening compared with the l = 0 mode, higher modes with l Ͼ 0 make little contribution to the observed linewidth and peak frequency of the magnetic resonance curves under the experimental condi- 
and
Here ⌬ Ќ ͑l=0͒ ͑ 0 ͒ and ␦ Ќ ͑l=0͒ ͑ 0 ͒ represent, respectively, the contributions of the l = 0 mode to the full linewidth ⌬ and frequency shift ␦ due to the transverse field gradient, and, ⌬ 0 and ␦ 0 the contributions due to all the other mechanisms.
From Eq. ͑11͒ and Eq. ͑10͒, we have
The contributions to the half-width ⌬ / 2 and frequency shift ␦ of the magnetic resonance lines that depend on the holding field are due solely to the transverse field gradient. Equation ͑16͒ indicates that they are equal, and inversely proportional to the square root of the holding field. By dimensional analysis the inverse square root dependence on the longitudinal field determines the dependence on the transverse field gradient Ќ and diffusion constant D in Eq. ͑16͒.
Since ͗x 2 ͘ϳ1 / ͉a 2 ͉ for the lowest mode 0 , we have
The expansion of the square root in Eq. ͑4͒ is therefore justified.
͑ii͒ Condition Ќ Ӷ d is not satisfied. In this case the response modes do not decay sufficiently rapidly for the boundary condition to be ignored. Therefore, the solutions to Eq. ͑6͒ are given by Eq. ͑9͒, but l in general is a complex number, and depends on the boundary condition. Since the eigenvalue l depends on the boundary condition, the transverse line broadening in this case need not be inversely proportional to the square root of the holding field. The amplitude of Kummer's confluent hypergeometric function Eq. ͑9͒ increases near the transverse surface of the cell, which implies that one may see edge enhancement in this regime, similar to the edge enhancement observed in the longitudinal direction ͓5,8-12͔.
One can show that in this regime R Ќ Ӷ 0 , and therefore the expansion of the square root in Eq. ͑4͒ is justified throughout the entire cell.
B. Perturbative regime
Since in the perturbative adiabatic regime we have that R Ќ Ӷ 0 , the expansion of the square root in Eq. ͑4͒ is valid for the entire cell. We will treat the potential term ix 2 Ќ 2 / 2 0 + iz ʈ of Eq. ͑5͒ as a perturbation. For simplicity, we consider a cubic cell with surfaces located at x = Ϯ R, y = Ϯ R, and z = Ϯ R. As in Ref. ͓4͔ we assume Neumann boundary conditions, and therefore the lowest unperturbed diffusion mode is 0 ͑x͒ =1/ ͱ 2R. The first-order correction to the lowest diffusion eigenvalue arises entirely from the gradient in the transverse magnetic field, and is given by
The purely imaginary correction to the unperturbed eigenvalue implies that a transverse gradient in this regime leads only to a frequency shift ␦. The first-order correction due to the i ʈ z term of the potential vanishes. In second order, the longitudinal field gradient gives a positive real correction to the unperturbed eigenvalue. This second-order contribution to 1 / T 2 is
Here ͉0͘ =1/ ͱ 2R denotes the lowest diffusion mode, and 
The numerical factors in Eq. ͑17͒ and Eq. ͑18͒ differ from those in Eq. ͑19͒ and Eq. ͑20͒. This is entirely due to our having computed the perturbative corrections for a cubical rather than a spherical cell. Indeed, by using some of the identities in Ref. ͓4͔, one readily reproduces Eq. ͑19͒ and Eq. ͑20͒ for a spherical cell by treating the potential term ix 2 Ќ 2 / 2 0 + iz ʈ in Eq. ͑5͒ as a perturbation.
III. EXPERIMENT AND RESULTS
The experimental setup has been described in Ref. 2 P 1/2 FЈ =1,2 transitions, while beam B is tuned to the 5 2 S 1/2 F =1→ 5 2 P 1/2 FЈ =1,2 transitions of 87 Rb. The two laser beams are incident on the same spot ͑0,0,−L / 2͒ of the cell, at angles larger than the critical angle. They undergo total internal reflection at the interface of the front surface and the Rb vapor. The penetration depths of beams A and B are 0.7 m and 2.5 m, respectively. Both beams share the same plane of incidence ͑zx plane͒, and their evanescent waves propagate parallel to the x axis. We apply a radio frequency ͑rf͒ field along the y axis, whose amplitude is modulated by a square wave at angular frequency ⍀. The intensity of the totally reflected beam A is monitored by a silicon photodiode whose output is fed into a lock-in amplifier. A magnetic resonance line is obtained by scanning the radio frequency across the Larmor frequencies of the 87 Rb atoms in the cell. Figure 2 shows measured and calculated magnetic resonance curves for an evanescent wave magnetometer in an inhomogeneous magnetic field for several holding fields. The solid lines are calculated using Eq. ͑A33͒. The agreement between theory and experiment is quite good. There are no localized response modes associated with Eq. ͑8͒ for the very thin cylindrical cells ͑L = 0.2 mm͒ used in the experiment because the dimensionless parameter s = ͑L / 2͒͑ ʈ / D͒ 1/3 is much less than unity ͓5͔. The advantage of using such a thin cell in the present investigation is that higher longitudinal response modes are suppressed, and their interference with the broadening due to the transverse field gradient is minimized.
With R = 1.3 cm, Ќ / 2 = 400 kHz/ cm, and D =30 cm 2 s −1 , the condition ͑1͒ is greatly violated, and therefore we are in the nonperturbative regime. Furthermore, for the present experimental conditions we have Ќ ϳ 10 −4 s and d ϳ 5 ϫ 10 −2 s. Therefore Ќ Ӷ d , and the half-linewidth and frequency shift are given by Eqs. ͑14͒-͑16͒. In Fig. 3 the half-width ⌬ / 2 of the magnetic resonance curves of Fig. 2 is plotted against the half-width of the lowest transverse mode ⌬ Ќ ͑l=0͒ ͑ 0 ͒ / 2=͑ Ќ / 2͒ ͱ D / 0 . A straight line fits the data well, confirming unambiguously the inverse square root dependence of the broadening on the holding field of Eq. ͑16͒. In Fig. 4 the frequency shift ␦ is plotted against ␦ Ќ ͑l=0͒ ͑ 0 ͒ / 2=͑ Ќ / 2͒ ͱ D / 0 . Note that the holding field, and consequently the frequency shift, was not measured experimentally. The frequency shift due to transverse field gra- dient was obtained as the difference between the peak Larmor frequency of the measured curves in Fig. 2 and the holding field required by the theory to reproduce the observed magnetic resonance curves. The main reason that the slopes in Figs. 3 and 4 deviate slightly from one, as one would expect from Eqs. ͑14͒ and ͑15͒, is because of the dispersive Lorentzian nature of the response modes ͑see Eq. ͑A36͒.
IV. CONCLUSION
We have studied the broadening of paramagnetic resonance lines due to transverse magnetic field gradients in the adiabatic approximation, i.e., when T 1 relaxation is negligible. Line broadening in this case can be either nonperturbative or perturbative. In the nonperturbative regime, when Ќ Ӷ d , the linewidth due to the gradient of the transverse magnetic field depends on the holding field and is proportional to Ќ ͱ D / 0 ; and when the condition Ќ Ӷ d is not satisfied, our model predicts that one may see edge enhancement near the transverse boundary of the cell. In the perturbative region, Torrey's equation reproduces the well-known perturbative broadening and frequency shift.
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APPENDIX
We have developed a theory that quantitatively describes the line shape of Zeeman resonances of an evanescent wave magnetometer in the presence of a gradient of the holding field ͓5͔. Some predictions of the theory are similar to those of the edge enhancement theory in nuclear magnetic resonance ͓8-12͔. The theory did not, however, take into account the line broadening due to a transverse magnetic field gradient. In the following we will extend the analysis of Ref. ͓5͔, which we shall refer to as SZW, to include broadening due to the presence of transverse field gradients. We will assume the adiabatic condition ͑2͒ is satisfied and that Ќ Ӷ d , i.e., the relaxation time due to the transverse field gradient is much shorter than the characteristic transverse diffusion time.
To first order in the interaction Hamiltonian of a Rb atom with the radio-frequency field, the measured lock-in signal is given by ͓5͔
where −1 + ⌫ / 2 is the half-width of the spectral line ͑as-sumed Lorentzian͒ measured in the bulk in a homogeneous magnetic field. Since spin exchange collisions cause hyperfine relaxation and our probe beam with its narrow linewidth only probes the F = 2 ground-state level, the hyperfine relaxation from F =2 to F = 1 level causes the polarized spin to be undetectable. The rate of this additional loss of polarized spins in our experiment is accounted for by the decay time . In Eq. ͑A1͒, P source ͑x 0 ͒ is proportional to the intensity profile of the evanescent pump beam and is taken to be of the form
͑A2͒
The parameter r s is the 1 / e radius of the pump laser beam. Note that due to the approximately 45°incidence angle, the beam shape is enlarged by a factor of ͱ 2 in the x direction.
Since the penetration depth of the evanescent pump beam is ϳ1 m, we have approximated its intensity profile in the z direction as a ␦ function. Similarly, the intensity profile of the evanescent probe beam is proportional to
where r p is the 1 / e radius of the probe laser beam. The propagator g L satisfies the following partial differential equation:
subject to Dirichlet boundary condition on the surfaces x = Ϯ R and y = Ϯ R ͓16͔, ͉g L ͑y,x;t͉͒ x=ϮR,y=ϮR = 0. ͑A5͒
The boundary conditions at the front and back faces ͑z = Ϯ L / 2͒ of the cell are ͓5͔
where the constants and depend upon the properties of the coated surfaces. The unit vector n in Eq. ͑A6͒ is normal to the cell surface and always points out of the cell. The propagator g 0 ͑y , x ; t͒ = g L =0 ͑y , x ; t͒. Since we are interested in the spectral expansion of the propagators, we will study the following equations:
subject to the same boundary conditions as g 0 and g L . Using Eq. ͑4͒, Eq. ͑A8͒ becomes Eq. ͑5͒. The solutions of Eq. ͑A7͒ are
with the corresponding eigenvalues
are the normalized even eigenfunctions in the x and y directions in the absence of magnetic fields ͓17͔,
Note that the eigenfunctions and eigenvalues in the z direction differ from those in the x and y directions because the boundary conditions are different. As noted in Sec. II, Eq. ͑5͒ is separable in the x, y, and z directions, and can be written as Eqs. ͑6͒-͑8͒. Since the diffusion in the y direction is free, the even eigenfunctions are given by
and the corresponding eigenvalue ⑀ m = D m 2 , with m being given by Eq. ͑A14͒.
The eigenfunctions and eigenvalues of Eq. ͑6͒ are given by Eqs. ͑9͒-͑11͒. The motion in the z direction is governed by Eq. ͑8͒. The mixed boundary condition ͑A6͒ for the propagators translates to boundary conditions satisfied by the eigenfunction n ͑z͒,
where s and s are, respectively, the relaxation probability and average phase shift for a polarized Rb atom during the dwell time s on the front or back surfaces of the cell, and v are, respectively, the mean free path and mean thermal velocity of Rb atoms. The eigenfunctions n ͑z͒ and the corresponding eigenvalues ␣ n of Eq. ͑8͒ have been studied in great detail in Ref. ͓5͔. Thus, the eigenvalue ␤ lmn can be written as
The propagator g L ͑y , x ; t͒ has the spectral representation
where n ͑z͒ is the linear combination of n ͑z͒ defined in Eqs. ͑19͒ and ͑20͒ of SZW, and the free propagator g 0 ͑x 1 , x 0 ; t͒ is
Using Eq. ͑A2͒ we can perform the x 0 integral with g 0 ͑x 1 , x 0 ; t͒, giving
For R ӷ r s we have approximately
ϫcos͑ l x 1 ͒cos͑ m y 1 ͒. ͑A23͒
We now perform the x 1 integrals
.
͑A24͒
For R ӷ 1 / ͉a͉ we can extend the integration range of x from ͑−R , R͒ to ͑−ϱ , ϱ͒. The phase space symmetry of the harmonic oscillator implies
͑A25͒
Using Eqs. ͑A25͒, ͑A18͒, and ͑A10͒ and the normalization condition for the transverse modes in the y direction Eq. ͑A13͒, Eq. ͑A24͒ can be written as 
͑A26͒
Proceeding similarly with the evanescent probe beam, the intensity profile of which is given by Eq. ͑A3͒, we have
Combining Eqs. ͑A26͒ and ͑A27͒ and using the orthogonality of the cosines for the y direction, we obtain
͑A28͒
Substituting Eq. ͑A28͒ into Eq. ͑A1͒ and carrying out the time integrals, we obtain for the lock-in signal 
͑A29͒
Defining as in Eq. ͑33͒ of SZW, 
͑A32͒
Finally the lock-in signal of Eq. ͑A29͒ can be written as ͓18͔ 
